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Abstract 

We show that the harmonic Becchi-Rouet-Stora-Tyutin method of quantizing bosonic systems with 
second-class constraints or first-class holomorphic constraints extends to systems having both bosonic and 
fermionic second-class or first-class holomorphic constraints. Using a limit argument, we show that the 
harmonic BRST modified path integral reproduces the correct Senjanovic measure. 



1. Introduction 



A new implementation of Becchi-Rouet-Stora-Tyutin quantization was introduced recently by one of 
the authors in order to quantize theories with bosonic holomorphic constraints! 11 The main assumption 
of the method is that there is an algebra of first-class constraints, some of which are not real-valued, but 
rather are holomorphic, functions and that some subset of the holomorphic constraints, together with their 
complex conjugates, are second-class. That is, the matrix of Poisson brackets of the holomorphic with 
their anti-holomorphic partners is not weakly vanishing. If the matrix of Poisson brackets were weakly 
vanishing, one could simply take the real and imaginary parts of the constraints as being separate first-class 
constraints and ignore altogether the difficulties of any holomorphic structure. Keeping the holomorphic 
structure is impossible in a standard Becchi-Rouet-Stora-Tyutin — Batalin-Fradkin-Vilkovisky quantization. 
The quantum constraints and, hence, the BRST-BFV charge operator will not be hermitian, making it 
impossible to decouple the unphysical states from the physical ones. 

[2] 

The number of systems to which our method applies is in principle quite large. Kalau has shown that 
any set of an even number of second-class constraints may be split into holomorphic and anti-holomorphic 
algebras, but has noted that the split may not be computationally useful, either because the quantum algebra 
may have anomalies or because the holomorphic constraints are computationally intricate. Perhaps the most 
important example in which a holomorphic structure is useful is that of Ashtekar's new canonical variables 

[3] 

reformulation of general relativity, where all the constraints arc first-class holomorphic and polynomial when 
written in terms of the self-dual spin connection. Other examples are the D = 10 harmonic superstring and 
superparticle| 4 ' 51 the Brink-Schwarz superparticle in four dimensions 15 ' 61 and certain coadjoint orbit theories 

[7] 

such as particle spin dynamics on a Lie group. We remark that this splitting can also be used with the 
operatorial quantization in the case that classical first-class constraints become anomalous in the quantum 
theory, but our path- integral may need to be modified along the lines of ref. [8]. Operatorial constructions 
somewhat different from ours have been given by Hasiewicz et a/! 91 and recently by Marnelius! 101 The only 
example of a system known to us to which our method does not apply in principle is Berezin and Marinov's 1111 
action for a massive point fermion which has an odd number of second-class fermionic constraints. 

The present work extends the harmonic BRST-BFV quantization scheme to the case of both bosonic and 
fermionic constraints. In section 2 we review the use of the harmonic BRST-BFV method for systems with 
bosonic constraints. In section 3 we demonstrate the extension of this method to systems with fermionic 
constraints by applying it to the most trivial case, that of a single fermionic constraint. In section 4 we 
treat the general case of an arbitrary number of bosonic and fermionic constraints. We demonstrate that 
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in a certain limit, the modification of the path integral reproduces the correct Senjanovic measure for 
second-class constraints. Throughout the analysis we have assumed that the constraints are irreducible. 

2. The Harmonic BRST-BFV Method for Bosonic Constraints 

The main assumption that we start from is the existence of an algebra of holomorphic constraints, A, 
closed under Poisson brackets, whose matrix of Poisson brackets with the complex conjugate algebra, A, has 
non- vanishing determinant, even weakly, 

det{aj, aj} 96 0, a t G A, aj G A. (1) 

(y) 

If the determinant in (1) were zero, we could find a subalgebra, B C A, such that the determinant 
was non-vanishing for a, G B, aj G B. We could then take the real and imaginary parts of the remaining 
constraints at G A\B and treat them separately. 

We also assume that there may be some first-class constraints, J 7 , as well, which we may take to be 
real. To construct the necessary operators, we look at the one-parameter set of algebras, T ® tA, consisting 
of the first-class constraints and holomorphic constraints scaled by an arbitrary real parameter t. It is well 
known that there exists a fermionic function, the formal BRST charge, which has vanishing Poisson bracket 
with itself, 1131 

Q{T e tA) = mfi + %a» + • • • 

= o + te, (2) 

{Q,Q} = 0. 

In eq. (2), the 77's are ghost variables, which are anticommuting when the constraints are bosonic. It is worth 
pointing out that the charge ft is not necessarily identical to the BRST charge used when the second-class 
constraints are implemented using Dirac brackets. For an example of this, see ref. [1]. 

Because the parameter t is arbitrary, the last equality of (2) implies the following relations, 

{ft, ft} = {ft, 6} = {6,9} = 0. (3) 

Unfortunately, the charge Q defined in (2) is not real, so it is not suitable to use its quantum version, 
Q, to define physical states. It is necessary for the existence of a BRST cohomology that the operator Q 
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be either hermitian or anti-hermitian. This is because the equivalence relation \^>) = \$>) + Q |<&), with |<I>) 
arbitrary, must be compatible with the inner product on the Hilbert space. In other words, states that are 
Q-exact must be orthogonal to the physical Q-closed (and Q-exact) states and, therefore, have zero norm. 
To have the decoupling 

* Q$) = (Q^ ®) = 0, (4) 



for all physical states |\&) and all arbitrary |$), it is necessary that Q = ±Q^ . 

It is useful to use the operators f2 and 9 separately. Physical states are defined to be those which are 
in the cohomology of fl and are annihilated by both 9 and its adjoint, 9, 



9 |phys) = 9 |phys) = ft |phys) = 0, 

( 5 ) 

|phys) = |phys) + Cl | anything) . 



These states are harmonic in the sense that they are annihilated by the Laplacian {9, 9}. 

The ghosts used in 9 and 9 are different from the usual BRST ghosts. There are two inequivalent 
complex structures one can impose on fermionic phase space variables. The one closest in analogy to the 
bosonic oscillator has the canonically conjugate variables, £ and £* = £, which are also complex conjugates of 
one another. The real and imaginary parts of £, in addition to being real, are also canonically self-conjugate, 

{P, P} = = -i, {p, tt} = 0. 



These are the ghosts that we will require. They differ from the (b, c) ghosts' 14151 of the usual BRST-BFV 
formalism. The (b, c) ghosts are real and are not canonically self-conjugate, 



{b,c} = -i, {b,b} = {c,c} = 0, b* = b, c* = c. (7) 

The symmetry of the fermionic Poisson bracket allows the existence of these two inequivalent complex 
structures on a pair of canonically conjugate fermionic variables. Bosons have only one such structure. The 
ghosts used to construct 9 for the holomorphic constraints aj € A are of the first type (6), while the ghosts 
used in are the (b, c) ghosts. 
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In ref. [1] a Hamiltonian path integral construction was given, analogous to the BFV 1161 construction 
explained in great detail in ref. [13]. When the assumption of the holomorphic BRST-BFV method applies, 
the Hamiltonian path integral is 

Z9.fi = J Dp exp % - J dt{iU+pq + bc + cb + n\- H BRST - &} - {ft, *}). (8) 

If the fermionic gauge-fixing parameter W and the constant (3 are both imaginary, then the path integral is 
manifestly unitary. One can show that the path integral (8) is invariant under infinitesimal variations of ^ 
and [3. The "extra" piece, exp(— if3{Q, 6}), in (8) in the limit of (i — > oo becomes the correct Senjanovic 
measure for second-class constraints and eliminates the ghost degrees of freedom as well, 

lim e~ ll3{e '° } = {-l) N Tr N S N ^ i )5 N ^ j )det{i{a i ,a j })5 N {Rea i )5 N (lma j ). (9) 



3. Fermionic Constraints 

We first consider the simple case of a single holomorphic fermionic constraint, <f> w 0. Since both the 
real and imaginary parts of <f) must weakly vanish, it follows that the complex conjugate constraint also 
vanishes, <f> 0. The harmonic BRST-BFV method then introduces a pair of bosonic ghosts, which are both 
complex conjugate and canonically conjugate. A single fermionic constraint can have only a very simple 
algebra, although one that is more general than that of a single bosonic constraint. That algebra is 

{<f>,4>} = 70, (1) 

where 7 is a fermionic function on phase space. For simplicity, we assume that the brackets between (f> and <f> 
are those of the fermionic oscillator, {<fi, cf>} = —i. We consider explicitly the case in which 7 is a (Grassmann 
odd) constant. In this case the method yields a state identical to that of a single bosonic constraint, but 
with the roles of the original and the ghost variables interchanged. This is a consequence of the OSp(l,l | 2) 
invariance of the system! 11 

The harmonic BRST charges for (1) are 

^ 2^ — — % 

6 = c<f> + - jeec, 6 = c<j> — -7CCC. (2) 

The most general state in the ghost-enlarged Hilbert space is a sum of products of ghost states, |n) , of 
occupation number n with states, \ip n ), of the original Hilbert space: = X^^Lo \ n )c IV'n)- The harmonicity 
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conditions (5) yield the physical state 

|phys) = |0) c |Vo), l|V>o}=0. (3) 
The Poisson bracket of 6 and 6 is 

- 3 

i{0, 6} = <j><f> + cc — icc((frf — j<j>) + -^c 2 c 2 . (4) 
When 7 = 0, this is simply the OSp(l,l | 2)-invariant form. We can prove the relation similar to (9), 

lim exp(-/3i{e, 0}) = -ir5(4>)6{$)6(c)6(c). (5) 

/3^oo 

To prove (5), we integrate the left side against a test function (p(c,c), scale the ghosts and take the limit 
outside the integral, 

lim / dede ip(c, c) exp(— (3i{Q, 0}) 

x +ic'c'((fyy - j4>) - -^(e'e') 2 ^ - (c'cO 2 077</>) 

= - ir <jxjxp(0,0). 
We prove the general case of (9) in the next section. 

4. The General Case 

We now consider a general constrained system with TV fermionic and M bosonic constraints satisfying 
the assumption of the method. The general form of the BRST charge 9 is 



oo M 



(1) 



© =C / <A / + &Oj + C h ' ' ' % C h'" ' ' ' ^m^l ■ " " 

n = m = 
n + m>l 

x ^ c CT-?l-"in^l-"/n+l»l-"*m»l-"»m _|_ £. J£ ^1 ■ ' • Ai-f 1 ' ■ -Jn»l ■ "imil ■ • ■ »m + l ^ 

where the indices run J = 1, . . . , N and i = 1, . . . , M. We write this schematically as 

B = c0 + ?a + 2^ c c £ £ ^„ im + 2_^c c £ £ A„ ;TO , (2) 

where c", for instance, denotes ci 1 ci 2 ■ ■ ■ cj n and the primed sum X)« m * s a sum on au multi- indices of 



positive length, {n + m > 1, n > 0, M > m > 0}. From (1) it follows that the general BRST Laplacian is 

i{<d, 9} = a,a ? + 0/0/ + i + i Ci{§i,~§j)c.j + z &{a i; 0j}cj + i cj{0 7 , 

+ terms quadratic in ghosts, times constraints (3) 
+ terms with more than two ghosts, 

[17] 

which we rewrite using DeWitt's supcrmatrix notation, 

z{9, €>} = aa + 00 + i£Al + icBc + i£Cc + icD^ + A. (4) 

The last term, A, contains all of the higher-order pieces. 

To make the calculation of e~^ @ ' @ ^ in the general case similar to the case of a single fermionic constraint 
considered above, it is useful to rescale the bosonic and fermionic constraints and ghosts, 

a = a'/y/0, a = a'/y/0, c = d/y/p, c = c'/^ 

( 5 ) 

= 0' A/A = 0'/V^. ^ = ^7^, t = g/y/0. 

We find 

e -/3i{0,e} = cxp -f3aa~i £'Aff - i c'Bc' - i £'Cc' - i c'Dff - /?a) , (6) 

which we rewrite in the suggestive form 



-(*{*,*} = cxp , 



(-/300 - f3aa-i£{A - CB^DJf' - i (c' + f'CB- 1 )B(c' + B" 1 ^') - /?a) . (7) 
The last piece, (3 A, is the sum of the terms, (3 A = (3A^ + (3A {2 \ 

n.m 

+ i c'" +1 c'" ^ {a, S„, m } 

+ i C' n C ' n t m+1 {a,Xn,m} r n - m 

+ 0' c'"- 1 c' " t m+1 C' m X„, m 

+ i c'" c'" +1 1 m+1 e'" 1 {0, *„, m } p- n - m ) 

+ c.c. 



n,m k,£ 

,-ln+k+l /n+jt+17"+ m - 1 t('+"- 1 n n ol-fc-n-<-m 

~r c c ^ ^ ^ n ^ m ^k,e P 

■ -ln+k+1 Jn+k+lj' l + m H l + m (~ ~ \ fl-fc-n-<-m 

/„ + fe_l i n +kT ,i + m + 1 f/ e + m CT fl i_fe_„_£_ m 
T C C ^ <; ^ n , m Ay p -f C.C. 

+ _,„ +fec ,„ +fc+1 ^£+m^+ m -l Sn mY ^ 0L-k-n-t-m + c c (9) 

+ i c'"+ fe c'"+ fe+1 e" +m+1 e'' +m {S„, ro ,X fe ,,} 0- k - n -'- m + C.C. 

,-ln+k-l ln+k-lj' e + m + 1 ^/i+m+l -rr nl-n-k-l-rn 

"T C C C; C; ^-7l,m^*-fc,£ P 

i -m+k Jn+k T 1 t -+ m £/^+ m y" "y 7 /ol— n-k-l— m 
TO C ^ 5 A n,?n A i|( P 

The terms in (8) and (9) above are all at least 0{[3~^), which means that they can be ignored in the 
limit (3 — > oo. To obtain the delta function relation analogous to the Senjanovic measure (9), we integrate 
against a test function ip of the bosonic variables c, c, a, a. The integral we wish to evaluate is 

Ip = J d N c d N c d M a d M a e -*{®.®> <^( c ,c, 0,0) 

f dV d^c' d M a! d M a' ( d_ t_ d_ a[\ 

^ / 300+a'a'+i5'(A-CB- 1 D)|'+i(c'+e'CB- 1 )B(-' + B- 1 Dl'')+O(/3"i)^ 



x e 



which, upon a shift of the ghost variables, d — > c' — £'CB , becomes 

7- _ / i\iv+M /" ^V rf^c' rf M a/ d M q' / c' c' a' a' \ N N N — 

h J v \W 7? 7?) W (0) (id 

x /3 M <5 M (£)<5 M (£)det[i(A- CB- 1 D)]e" aV e -' lc ' Bz ' + 0(/H). 
Because <p is a test function, we obtain in the limit 

lim I p = (—ir) N+M 5 N (<ft)5 N (<I))6 M (t;)5 M (£) det[i(A — CB — *D)](det(iB)) _1 ^j(0, 0, 0, 0), (12) 

which proves the general case of (9), 

lim e -^. e > = (-.)-+^(^)^(^(^0^(^)sdet 

V i{<f>i,4>j}J (13) 

x S N (Rc Cl )S N {lm cj)5 M (Re a t )5 M (Im 

In summary, our main result is that the harmonic BRST-BFV method introduced in ref. [1] generalizes 
to the case of mixed bosonic and fermionic constraints. There is no problem in extending the operator 



formalism, but it is not trivial to show that the extension also works for the path integral. It is possible 
that the relation (13) is only valid for test functions and not for rapidly decreasing functions as well. This is 
because the bosonic part of the exponent — /3i{0, 0} might not be negative definite, although the quadratic 
piece by itself is negative definite. For test functions, this is irrelevant because in the limit the quadratic 
piece dominates all others on any finite interval. In the case of purely bosonic constraints, this is not an 
issue because the higher order pieces are fermionic and have no convergence problem. To be rigorous about 
a particular path integral, one must check in that specific case that the result also holds for functions of 
rapid decrease. 

Our modification of the path integral and our limit argument are very similar to the method of equiv- 
ariant localization recently introduced by Dykstra, Lykken and Raiten.' 181 Invariance under the change of 
variables generated by the holomorphic BRST charge 9 in our formalism corresponds closely to the invariance 
under the equivariant exterior derivative d x in the formalism of ref. [18]. 

The extension of the formalism to the reducible case is an open problem, but one whose solution is quite 
likely to follow the standard reducible BRST quantization for real constraints. 
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